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Abstract

Theoretical expressions are derived for (y"), n=1to
8,((z=1)",n=2,3and 4,((z—(z))"),n=2,3 and 4,
(Jz=1)), (|z=1]) and (|z —(2)*), where y is the nor-
malized structure-factor magnitude and z (=1/(I))
is the normalized intensity, valid for the centric and
acentric Wilson distributions truncated such that
a'’?=y=b'"" The final results are given in the form
of a convenient table of expressions. The tests of the
theoretical results using the observed intensity data
of a few crystals show that the agreement between
the experimental and the corresponding theoretical
values obtained from the present theoretical results
is better than the agreement with the values obtained
from MULTANSO in centrosymmetric structures,
while the present theory and MULTANRSO are found
to yield results that are equally good for non-
centrosymmetric structures.

1. Introduction

An essential and useful step in crystal-structure analy-
sis is the determination of the space-group symmetry
of the crystal. The acentric and centric Wilson distri-
butionst (Wilson, 1949) play a central role in this
regard. The utility of these distributions lies in their
applicability to crystals of all space groups provided
there are a sufficiently large number of similar atoms
in the asymmetric unit at random positions. The
intensity data of a majority of organic crystal struc-
tures obey reasonably well the acentric or the centric
Wilson distribution if the crystal is respectively non-
centrosymmetric or centrosymmetric. In view of this,
the standard structure-solution programs (e.g.
MULTANZ80; Main, Fiske, Hull, Lessinger, Ger-
main, Declercq & Woolfson 1980) list the experl—
mental values of the statlstlcal quammes (y) (D,

-1)%
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1 These are derived based on the central-limit theorem and are
not valid in the presence of extreme heterogeneity and pseudosym-
metry. These extreme situations are beyond the scope of the present
paper. The approach of Shmueli and coworkers may be used to
derive the exact distributions for such situations (see, for example,
Weiss, Shmueli, Kiefer & Wilson, 1985; Shmueli, Weiss & Kiefer,
1985).
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and {|y*—1[?) (where y is the normalized structure-
factor magnitude) and their corresponding theoretical
values for the acentric and centric Wilson distribu-
tions for comparison. These theoretical values pertain
to the untruncated Wilson distributions (i.e. 0=y <
o). However, the data of actual crystals are always
truncated at the lower end of the intensity scale owing
to ‘unobserved reflections’. Furthermore, in connec-
tion with the higher-moment tests for space-group
determination, Foster & Hargreaves (1963) noted that
the experimental values of the higher moments of
intensities are generally larger than the corresponding
theoretically expected values. Similar features were
also observed in the experimental values of
M, (¥, (y® and (| y* = 1/*) in the MULTANS80 out-
puts (Main et al., 1980) of a few structures that we
determined. One reason for this could be overestima-
tion of the y values of a few of the very strong
reflections. This implies that better agreement
between the observed and the corresponding theoreti-
cal values of the various statistical quantities could
be obtained by computing the experimental values of
the moments by excluding a few largest y valuest
and comparing the experimental values thus obtained
with their corresponding theoretical values computed
for the appropriately truncated Wilson distributions.
In this paper we shall therefore derive the theoreti-
cal expressions for (y), <y2> D, Y, N, (O,
(y* =1, ((y*= 1), (y* = 1)), (|y* ~ 1) applicable
to the untruncated data a'/*<y=<b""

Following the usual notation used in the literature
on statistical tests for centrosymmetry we shall use y
in the place of the normalized structure-factor magni-
tude E used in direct-methods literature. The quantity
y is related to the normalized intensity z and the
intensity I as

yi=z=1I/D), (1)

where (I) is the local average value of I for reflections
in a narrow region of (sin 6)/A. From (1), the expecta-
tion value of any function g(y) of y may be written
as

(g(y)=(g(z""*). (2)

1 These could be identified and excluded by the statistical pro-
cedure suggested in § 6.
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From (2) it is clear that the theoretical expressions
for {g( y)) may be derived by making use of the p.d.f.
(probability density function) of z. Since it is more
convenient to use z instead of y, we shall generally
use the variable z in the theoretical derivations.
For similar reasons we shall use the quantities
((z=1)%), |z - 1I') etc. instead of the equivalent quan-
titiee (v2— 1D 2 =1P) etc

Although (z) = 1 for both acentric and centric Wil-
son distributions (0< z <), (z), (=M,, say) differs
from unity for the truncated Wilson distributions (i.e.
a<z<b) (see §2 for notation). Hence quantities
such as {(z—1)") and {(z— M,)") will in general be
different. Therefore, we shall also derive theoretical
expressions for |z — M,|m, n=1,2,3, in this paper.
Since Srinivasan & Subramanian (1964) have shown
that the theoretical values of ( y*) differ markedly for
the centrosymmetric and noncentrosymmetric cases,
we shall also derive theoretical expressions for (M
and (y*), and in addition ((z—1)%, and ((z— M,)%,.
The theoretical results reported in this paper were
tested for a few crystal structures and the details of
the results obtained are also presented here.

2. Notation, nomenclature and some
preliminary results

We shall denote the intervals 0=<z<ocand a=z=<b
by the symbols Z and Z, respectively, and the inter-
vals0<y<oanda/*=y=<b"?by Y and Y,, respec-
tively. We shall use ¢ as a subscript to quantities that
pertain to truncated distributions. For example, P,(z)
is the p.d.f. of z for the truncated distribution defined
in the interval Z,, while P(z) is the p.d.f. of z defined
in the interval Z. It is convenient to use the abbrevi-
ations AWD, CWD, TAWD and TCWD for the acen-
tric Wilson distribution, the centric Wilson distribu-
tion, the truncated acentric Wilson distribution and
the truncated centric Wilson distribution, respec-
tively. We shall refer to the distributions TAWD and
TCWD together by the common symbol TWD
(=truncated Wilson distributions) and the distribu-
tions AWD and CWD together by the common sym-
bol WD (=Wilson distributions). We shall also use
the symbols C and NC to stand for the centrosym-
metric and noncentrosymmetric cases, respectively.
It is convenient to define A, and A, by

A,=1/[exp(—a)—exp (—b)], (3)

A, =1/[erf (b"?/2"%) —erf (a'?/2"%)].

The following results involving incomplete y func-
tions are needed in the theoretical simplifications
and these can be derived easily from the recurrence
relations of the y function (Abramowitz & Stegun,
1965):

v(1,x)=1-—exp (—x) (4a)
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y(2,x)=1-(x+1)exp (=x) (4b)
y(3,x)=2—(x*+2x+2) exp (—x) (4¢)
(4, x)=6—(x*+3x>+6x+6) exp (—x) (4d)

y(5, x) = 24— (x*+4x>+12x* +24x +24) exp (—x)

(4e)

y(}, x) = !/ erf (x'?) (5a)
vy, x?) =7 erf (x) (5b)
y(, x)=(m"?/2) erf (x'?) = x"?exp (-x)  (5¢)
y(3, x) = (37"?/4) erf (x'?) = (x'/?2)

x(2x+3) exp (—x) (5d)
vy, x)=(157"%/8) erf (x"/?) — (x'/?/4)

X (4x*+10x+15) exp (—x) (5e)
y(3, x) = (1057"2/16) erf (x'/?)

—(x"/2/8)(8x>+28x*+70x + 105)

xexp (—x). (5f)

2.1. Symbol for change in function value and its
algebraic properties

We shall use the notation [ f(x)]3 to stand for the
change in the value of the function f(x) as x changes
its value from p to g,

[f(x)]5=f(q)—f(p). (6a)

We shall refer to the symbol [ f(x)]2 as the symbol
for the change in the function value (SCFV hereafter).
The following algebraic properties of the SCFV are
extensively used in the thearetical simplifications:

[k]e=0, (6b)

[f()]g=-[f(x)]15, (6¢)

[FO)15+1F(0)15 =[], (6d)

[k + ko f(x)]6 = ko[ f()]5, (6e)

[k f(x)+ kog(x)10 = k[ f()]e+k[g(x)]a, (6
kiLky + ks f()15+ kal ks + keg(x)]

=[kiksf(x) + kokog(x)]1a,  (68)

where the k; are constants. Using the notation for the
SCFV, we can rewrite (3) as

A =1/[-exp(-x)]5,  Ay;=1/[erf (x)/?/2")]5.

In §3 we shall derive some general theoretical
results that are needed to derive the truncated Wilson
distributions and the moments of z and |z — c| (where
¢ is a constant) for these distributions. These results
are used to obtain results pertaining to the TAWD
and the TCWD in §§ 4 and 5, respectively. Tests of
the theoretical results for a few cases are given in § 6.
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3. Derivation of theoretical results for any
truncated distribution

3.1. Theoretical formulae for the p.d.f.

Let P(z) and N(z) be respectively the p.d.f. and
cumulative function (c.f. hereafter) of a random vari-
able z* defined in the interval 0<z <. Let P,(z)
and N,(z) be respectively the p.d.f. and c.f. of z when
the data is truncated such that a=<z=<b. The p.d.f.
of z for the truncated distribution can be obtained
from that of the corresponding untruncated distribu-
tion by using the result (Eadie, Drijard, James, Roos
& Saadoulet, 1972)

P(z)=P(z)/[N(b) - N(a)], (7)

The cumulative function of z for the truncated distri-
bution can be obtained from that of the untruncated
distribution as

N(z)=[N(z)- N(a)l/[N(b) - N(a)],

ze Z,.

zeZ,.
(8)

3.2. Theoretical formula for ((z—c)")

The nth moment of z about z=c (where ¢ is a
constant) for the truncated distribution is given by

((z—C)">.=<i (:)(—C)""‘zk>
k=0 t
o &L n—k, _k
=k2_0(k>(—c> ()., 9

where we have used the binomial theorem for an
integral exponent to expand (z—c)"” and also the
linearity property of the expectation value. Let M,
stand for the kth moment of z about the origin for
the truncated distribution,

Mk=(zk),=}sz,(z) dz. (10)
From (10) we can rewrite (9) as
<<z—c)">.=2(")(—c)""‘Mk. (11)
k=0 k

3.3. Theoretical formula for (|z - c|")

We shall consider the following two cases: (i) ¢ =1
and (ii) ¢c= M,. When n is even (=2m, say), we have

(z=c>™, =z=c)*™), (12)

which may be evaluated using (11). The evaluation
of odd-order moments of |z — 1| is more complicated
and we shall presently consider this aspect. The
method of derivation differs for the following two

* The results in § 3 are applicable not only to the normalized
intensity variable z but also to any random variable defined
originally in the interval (0, ), truncated to {a, b].
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situations: (i) a <1< b and (ii) 1 <a <b. The former
situation is the one generally met with in statistical
tests for centrosymmetry. The latter situation arises
when we compute the theoretical values of the odd-
order moments of |z—1| using data in which z>1.
For the sake of completeness we shall also consider
this situation.

3.3.1. Expression for {|z—1|>"*"), for the situation
in which a<1<b. The (2n+1)th moment of |z—1|
for the truncated distribution is given by

b
(z=1P""=[lz=1*"""P(2) dz

a

(13)
Clearly, we have

lz—=1]=1-z=—(z-1) forz<1

=z—1 forz=1. (14)

Moreover, we can write

b 1
flz=1"""P(z)dz=[|z—1|>"""P(z) dz

b
+{z=1]""""P(z)dz.  (15)
1
In view of (14) and (15), we can rewrite (13) as

((Z— 1|2n+l>l — _i’ (Z— 1)2n+1P,(Z) dZ

+§(z=1)>""'P(2)dz.  (16)

Since

i’(z— 1)*"'P(2)dz =li (z=-1)>""'P(z) dz

1

—f(z=1D)""'P(2) dg,

a

we can rewrite (16) as

<|Z— 1|2n+1>‘ =((2_1)2n+]>l -2 I (Z_ 1)2n+]P,(Z) dz

(17)

Expanding (z —1)*"*" of the second term on the right-
hand side of (17) by using the binomial theorem and
interchanging the order of summation and integra-
tion, we obtain

2n+1

(z=1""N, =((z-1)>"N, -2 ¥ (=12 *
k=0

1

X(Zn’:- 1) J z*P,(z) dz.

a

(18)
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3.3.2. Expression for {|z—1|>"*"), for the situation
1<a<b. For this case, z>1, so that |[z—1|=z—1.
Hence, we can write

(z=1P", =((z—1)*"""),. (19)

3.3.3. Expression for {|z— M,|*"*"),. We know that
a < M, <b. Following the procedure used in § 3.3.1
we can easily show that

<|Z_ M1’2"+]>: ={(z- M1)2"+l>r
M

—2 [ (z=M)*™"P(z)dz.  (20)

Following the procedure used to obtain (18) from
(17), we can obtain from (20) the expression

2n+1

Jz= MM, =((z=M)>""), =2 Y (=M,)2 k!

k=0
(2n+1>
X
k

1

M
J z*P(z) dz. (21)

4. Derivation of the theoretical expressions
for the TAWD

4.1. Expressions for the p.d.f. and cf. of z and y

The p.d.f. and c.f. of z for the AWD are known to
be (Srinivasan & Parthasarathy, 1976; SP76 hereafter)

P(z)=exp(—2z), (22)
N(z)=1—exp(—2), (23)

Using (22) and (23) in (7), we obtain the p.d.f. of z
for the TAWD as

P(z)=A,exp(-2z), zeZ, (24)

where A, is as defined in (3). Using (23) in (8), we
obtain the c.f. of z for the TAWD to be

N(z)=A,[exp (—a)—exp (-2)], zeZ,. (25)

Making use of (7) and (8) and the p.d.f. and c.f. of
y for AWD available in SP76, we can obtain the p.d.f.
and c.f. of y for the TAWD,

P(y)=2A,yexp(-y?),
N,(y)= A [exp (—a)—exp (—y?)],

0=z<oo,

0<z<o00.

ye YH (26)

yeY,. (27)

4.2. Expressions for (z"), and (y*"*"), n=1,2,3,4
It may be seen from (10) that, for the TAWD,
M,=1, (28)

which is the normalization condition for P,(z).
Making use of (24) in (10), we obtain the nth moment
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of z for the TAWD,
b
(z")=A, [ 2" exp (~2) dz = A,[y(n+1, )],

=M, (29)

Making use of (4b) to (4e) in (29), we can derive

explicit expressions for the first four moments of z;

these are given in rows 5, 6, 7 and 8 of Table 1.
From (29) we obtain the nth moment of y,

=" = Ally(n/2+1, )15, (30)

Making use of (5¢) to (5f) in (30), we can obtain
explicit expressions for the first four odd moments
of y; these are given in rows 1, 2, 3 and 4 of Table 1.

say.

4.3. Expressions for ((z—1)"), and {((z—M,)"),,
n=234

Making use of (29) in (11) and then carrying out
some algebraic manipulations using the properties of
the SCFV, we can show that

(z=1)"=A, ) (—1)"""(2)[7(k+1,X)]'2. (31)
k=0

Putting n =2, 3 and 4 successively in (31), using (4a)
to (4e) and the properties of SCFV, we can derive
explicit expressions for the second, third and fourth
moments of z—1; these are given in rows 9, 10 and
11 of Table 1.

Making use of (29) in (11) and then carrying out
some algebraic manipulations using the properties of
the SCFV, we can show that

(z-=M)™,=A, Y, (:) (=M)"[y(k+1,x)]5.
k=0 (32)

Putting n =2, 3 and 4 successively in (32), using (4a)
to (4e) and the properties of the SCFV, we can derive
explicit expressions for the second, third and fourth
moments of z— M, ; these are given in rows 15 and
16 of Table 1. It may be noted that {(z — M,)?), is the
variance of z.

4.4, Expressions for (|z—1|>"""),, n=0, 1
4.4.1. Results for the situation a <1< b. Using (24)
in (18), we obtain
2n+1

<|Z—ll2n+l>' :((z— 1)2n+l>’ -2Al Z (_1)2n—k+1

k=0
x(z"ljl)[y(kﬂ,x)]:,.

Putting n =0 and 1 successfully in (33), using (4a)
to (4e) and the properties of the SCFV, we can derive
expressions for the first and third moments of |z —1|
and these are given in rows 12 and 13 of Table 1.

(33)
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Table 1. Summary of statistical characteristics of the TAWD and TCWD
Statistical Theoretical expression Theoretical expression
No. characteristic for TAWD for TCWD
1 (N AL /2 erf (x3) = x 2 exp (-x)]} (23 7)) Al (exp (- x)]33
2 O AL /4y erf (x'?) = (x'?/2)(2x+ 3} exp (- X)]; 2237 A (x + D exp (-85
3 %, A (157 2/8) erf (x"/2) ~ (x"/2/4)(4x?+ 10x +15) exp (—-x)]% 4(2"2/ 7' )AL (X +2x + 2 exp (—x)]5/3
4 (}'7), Al[(IOSﬂ'/Z/IG)erf(x'/z)—(x”l/S) 8(2'/2/77”2)/42[()(3+3x2+6x+6)exp(—X)“;\//Z:
x (8x* +28x2+70x +105) exp (-x)]1%
5 (2,=M,  1-Axexp(-x)]} 1-(2/ 73 Al x' 2 exp (-x)1073
6 (2%, 2- Ay[x(x+2) exp (-x)]% 3=/ 7 AL P 2x+3) exp (- 0)]0)3
7 (2%, 6—A,[x(x*+3x+6)exp(-x)]" 15—(2/ 7" A x"/2(4x7 +10x +15) exp (-x)]%3
8 (2", 24- A [x(x*+4x2+12x+24) exp (-x)]" 105 —(2/7'/?) AL x" 7 (8x" +28x% + 70x + 105) exp (—x)]%/3
9 Uz=1)Y,  1-A[xexp(-x)]" 2-2/ 7 AL 2x+ 1) exp (-x) 1073
10 (z=1)Y, 2= Ay[x(x?+3) exp (=x)]; 8—(2/ 7 A x"(ax +ax+9) exp (-x)10/3
11 ((z-1)%, 9- A, [x(x +6x+8)exp (—x)]" 60— (2/ 7'/ Ay[x"2(8x  +12x7 4 42x + 59) exp (—x)]"3
12 Az -1, (i) A[2exp(~1)—aexp(-a)—bexp(~b)] ifa<l<b (2/7")Ad[x"2exp(—x)]VA+[x" P exp (-x)]Y/3
ifa<1<b
(ii) A[xexp(-x)]5 if1<a<h /7 HA[x exp(-x)]43 if1<a<h
13 Jz-1% (i) 2+ A[12exp(~1)—(a’ +3a+4) exp (—a) 8—(2/ 7" ") A [x" 2(4xT+ax+9) exp (-x)]0)3
—(b*+3b)exp(-b)] ifa<li<bh - l(wA:[erf(x”z)]:l//:Z
+a A (167 +16x +36)x T exp (—x)]YA
ifa<1<b
(i) 2- A, [x(x*+3)exp(~x))h ifl<a<b 8—(2/m A x! “(4x3+4x+9)exp(fxl]f:‘§
ift<a<bh
14 (z=-M)D,  (MI=2M,+2)- A|[x(x-2M,+2)exp (-x)]" (M?I=2M,+3)-(2/ 7" ) A [x" " exp (—x)
X (2x+3-2M,)]5)3
15 (z=M)),  (6-6M,+3M}-M}) - A, [x{x"-3(M, - 1)x 15-9M,+3M7 - M} —(2/ 7" ) Ay x""? exp (—x)
+3(M2I=2M,+2)} exp (-x)]" x{4x2+(10 -6 M) x + (3M] —9M, +15)}]573
16 (z=M)Y, 24-24M,+12Mi-aM}+ M} 105-60M, +18M; —4M’ + M}
—Ax{x"—4(1 - M) x> +6x(2-2M, + M?) —(2/ 7 ALL{8x + (28— 16 M) X7
+4(6—6M,+3MI— M)} exp (-x)]" +(70-40M, + 12M%)x
+(105-60M, +18M{—aM})}x" 2 exp (-x)]"3
17 dz=MD,  2A00 =M, +x)exp (-x)] 5" AA2M, - Dlerl (xV)]502 + 4/ 7"
x[x”:exp(—x)]:l',‘z/z}
18 Qz=MP)y,  6-6M,+3M3 - M} - A [{x*-3(M, - 1)x* (M =3M7+9M, = 15) {24 [erf(x"/?)1MY2 — 1}

+3(Mf—2MI +2)x} exp (—x)]‘:

—2A,[{M}-3M3+6M, -6 -3(M2-2M, +2)x

+3(M, - 1)x2 = x*}exp (—x)]5"

4.4.2. Results for the situation 1<a<b. Putting
n=0 in (19) and using the expression for (z), from
Table 1, we can obtain explicit expressions for
(|z—1|),. Putting n=1 in (19) and using the appro-
priate expression (row 10) in Table 1 for ((z—1)?),
we can obtain explicit expressions for (|z—1[%),.
These expressions are given in rows 12 and 13 of
Table 1.

4.5. Expressions for (|z— M,|*"""),, n=0,1
Using (24) in (21), we obtain

(2= M > =((z= M,)>"y,
2n+1
2n+1
—2A, Z( "k )(_Ml)2nk+l
k=0

x[y(k+1,x)]3" (34)

Putting n =0, 1 and 2 successively in (34), simplifying
the resulting expressions using (4a) to (4e) and using

—(2/ 7" DA {4xT +(10-6M,)x
+(AMI-9M, +15)}x" 2 exp (- x)]0)3
+(4/ 7" HA[{axP +(10-6M,)x
+(3MI-9M, +15)}x" 2 exp (—x)]

the properties of the SCFV, we can obtain explicit
expressions for the first and third moments of |z — M,
these are given in rows 17 and 18 of Table 1.

§. Derivation of the theoretical values for the TCWD
5.1. Expressions for the p.d.f. and cf. of z and y

Making use of (7) and (8) and the expressions for
the p.d.f. and c.f. of z and y for the CWD in SP76,
we obtain

P(z)=A,27z) "7 exp (—z/2), ze Z,, (35)
N,(z) = A,[erf (z'/?/2'*) —erf (a'?/2V%)], z€ Z,
(36)
P(y)=A)2/m)?exp(=y’/2), yeY, (37)
N(y)=Aj[erf (y/2"%) —erf (a'/?/2"?)], yeY,.
(38)
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5.2. Expressions for (z"), and (y*"*"),, n=1,2,3,4
It may be seen from (10) that for the TCWD

M(): 1, (39)
which is a consequence of the normalization of P,(z).
Making use of (35), we obtain the nth moment of z,

b
M, = A,(2m) V2 I 2"V 2exp (—z/2)dz.  (40)

Using the substitution 1 = z/2, we can rewrite (40) as

M, =2"7""2A,[y(n+},x)1%3. (41)
Making use of (5¢) to (5f) in (41) and the properties
of the SCFV we can derive explicit expressions for
the first four moments of z; these are given in rows
5, 6, 7 and 8 of Table 1.

From (41) we obtain the nth moment of y to be

()’"), = <z"/2)l

=22 2 Ay [(n+ 1)/2, xI}0E. (42)

Making use of (4a) to (4d) in (42) and the properties
of the SCFV we can derive the explicit expressions
for the first four odd moments of y and these are
given in rows 1, 2, 3 and 4 of Table 1.

5.3. Expressions for {((z—1)"), and {((z—M,)"),,
n=2134

Making use of (41) in (11), we obtain, after some

algebraic manipulations using the properties of
SCFV,

(z=1)", =724, ), (-1) 2
k=0

x(:)[y<k+%,x)]';§§. (43)

Putting n =2, 3 and 4 successively in (43) and using
(4b) and (5b) to (5f), we can derive explicit
expressions for the second, third and fourth mo-
ments of z— 1; these are given in rows 9, 10 and 11 of
Table 1.

Making use of (41) in (11), we obtain, after carrying
out some algebraic manipulations,

((z— M])")z = W_l/zAz Z (:) (_Ml)"_kzk

x[y(k+3,x)]a)3- (44)

Putting n =2, 3 and 4 successively in (44) and using
the properties of the SCFV we can derive explicit
expressions for the second, third and fourth moments
of z— M, ; these are given in rows 14, 15 and 16 of
Table 1.
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2, n=0,1

5.4.1. Results for the situation a <1< b. Making use
of (35) in (18), we obtain

(lZ - 1|2"+’>1 =<(Z_ 1)2"+1)1

5.4. Expressions for {|z—1

2n+1
_2(277_)—1/2142 Z (_I)Zn—k+1
k=0
1
2n+1
x( nk ) j‘ 2" V2exp(~z/2) dz
(45)
Substituting z/2 = x in (45), we obtain
Jz=1""" =((z=1)*""",
2n+1
_‘n_fl/zA2 Z (_I)Zn—k+12k+l
k=0
2n+1
(ot )

Putting n=0 and 1 successively in (46) and using
(5a) to (5e) and the properties of the SCFV, we can
derive explicit expressions for the first and third
moments of {|z— 1{); these are given in rows 12 and
13 of Table 1.

5.4.2. Results for the situation 1 < a’< b. Using (19)
and the appropriate expressions (z), for (z-1)%,
from row 1 of Table 1, we can obtain explicit
expressions for {|z— 1), and (|z — 1]*), ; these are given
in rows 12 and 13 of Table 1.

5.5. Expressions for (|z— M,|*"""),,n=0, 1
Using (35) in (21) we obtain
(lz - M1|2"+‘>1 = ((Z - M1)2n+l)l _21/277_1/2A2

2n+1
X z (_M])Zn--k+l (2n + 1)

k=0 k

M
x J
a

V2 exp (-2/2) dz

(47)
Substituting z/2 = x, we can rewrite (47) as
(lz=M", =((z= M), — 7" "?A,
eril (M yirkeigin (Zn’: 1)
k=0
x[y(k+5, 010" (48)

Putting n =0, 1 and 2 successively in (48) and then
simplifying the resulting expressions using (5a) to
(5e) and the properties of the SCFV, we can obtain
explicit expressions for the first and third moments
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Table 2. Details of the crystals used in the statistical tests and related results

n,: total number of possible independent three-dimensional reflections in the interval §

=(sin0)/A=S, .-

min

n,: number of reflections, out of the n, reflections, for which y <a'/2
ny: number of reflections, out of the n, reflections, for which y > b'/2,
p =100(n,+ n;)/ n, = percentage of reflections, out of the n, reflections, that are not used in the test.

Molecular Space
No.* formula group Semin Senax
1 C,yuH23NO P1 0.220 0.597
2 CyoH3,N,0, P1 0.224 0.602
3 C,H33N,O P1 0.192 0.578
4 C,3H,sNO P1 0.234 0.573
] CsHeN,05  P2,/c 0.193 0.579
6 C,yH,,NO C2/c 0.215 0.528
7 C,4H3oN,0, 12/a 0.174 0.526
8 C37H;,405 P2,2,2, 0.210 0.550
9 C,5H,404 P2,2,2, 0.228 0.546

a'’? b/2 n, n, n, P
0.348 3.0 2210 563 12 26
0.208 3.0 2878 459 11 16
0.378 3.0 2789 791 15 29
0.289 3.0 1148 259 11 24
0.279 3.0 2148 489 8 23
0.397 3.0 1347 420 6 32
0.376 3.0 211 666 14 31
0.527 2.5 1350 326 2 24
0.546 29 1216 325 0 27

* References: (1) Sekar, Parthasarathy & Radhakrishnan (1993); (2) Shanmugasundarraj, Ponnuswamy, Shanmugam & Kandasamy (1992); (3)
Velmurugan (1991); (4) Sekar, Parthasarathy, Prabahar & Ramakrishnan (1993); (5) Ponnuswamy & Kandasamy (1990); (6) Sekar, Parthasarathy &
Rajalingam (1990); (7) Velmurugan (1992); (8) Sekar, Parthasarathy, Epe & Mondon (1992); Sekar, Parthasarathy, Epe & Mondon (1992).

of |z— M,
Table 1.

; these are given in rows 17 and 18 of

6. Test of the theoretical results

The theoretical results given in Table 1 were tested
using the observed data of nine actual crystal struc-
tures. The observed hkl intensity data (corrected for
Lorentz-polarization effects) on the same relative
scale were used in calculating the experimental values
of the various statistical parameters. The values of
a'? and b'? are to be obtained for each crystal
separately and the following procedure was used for
this. The threshold value of y (ie y,) due to the
unobserved reflections, which can be determined
from an analysis of the intensity data of the crystal
as a function of (sin 6)/A, was taken to be a'/% The
value of b'? for any given crystal may be obtained
as follows: for crystals obeying the requirements of
a WD only 0.3% of the reflections are expected to
have y values greater than 3.0 for the centrosymmetric
case and practically all the reflections are expected
to have y values <3.0 for the noncentrosymmetric
case (SP76). Hence, in an actual crystal containing
similar atoms at general positions, if we find much
more than 0.3% of reflections with y > 3.0, then it is
most likely that some of the largest y values could
have arisen due to overestimation. Hence we may set
b'/?=3.0if the y data of the crystal contains y values
greater than 3.0. On the other hand, if the y data of
the crystal is such that the maximum observed value
of y is less than 3.0, then b'/> may be taken to be the
largest observed value of y rounded off to one decimal
place. The details of the crystals used in the statistical
tests and the related results such as the values of a'/?,
b'? and the percentage of reflections excluded from
the test are given in Table 2. For each crystal the
experimental y values were computed from the ob-
served intensity data by using (1), the value of (I)

for each reflection of the crystal being computed from
the least-squares cubic-spline function (with smooth-
ing) that fits [(sin 6)/A, (I)] data.* The experimental
and the corresponding theoretical values of the
various statistical parameters for the nine crystals
computed using the respective values of a'/* and b"/?
thus obtained are given in Tables 3 and 4. Table 3
contains results for the statistical parameters that are
listed in MULTANS80; Table 4 contains the results
for the parameters not included in MULTANS0. A
study of Tables 3 and 4 shows that there is reasonably
good agreement between the observed and the corre-
sponding theoretical values of the various statistical
parameters. From Table 3 it is also seen that the
agreement between the experimental and the corre-
sponding theoretical values of higher moments
obtained from the present theoretical results is better
than the agreement with the MULTANS80 outputs
for the centrosymmetric structures. In the case of the
noncentrosymmetric structures, the present theory
and MULTANZSO are found to yield results that are
equally good. It may, however, be noted that the
results obtained from MULTAN80 using { y) and { y°)
as test parameters are somewhat better than the results
from the present theory. However, since the values
of these parameters for centrosymmetric and non-
centrosymmetric crystals are not very much different,
they may not be very useful as statistical tests for
centrosymmetry. The following incidental points may
be noted: (i) Since { y*) =1 for both CWD and AWD,
it cannot be used as a parameter for testing for the
centrosymmetry of the crystal, though it could be

* The actual computations of a'/2, b'/? and y were done using
the Fortran program STATCW (Sekar, 1991) developed by
Parthasarathy and co-workers for conducting the various statisti-
cal tests for centrosymmetry. The details of STATCW will be pub-
lished separately. STATCW is an improved version of STATC
(Parthasarathy, Ponnuswamy, Elango & Sekar, 1990).
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Table 3. Theoretical and experimental values of (y") (n=1,2,...,6), (z=1"Y(n=1,3) and ((z-1)")
(n=2,3) as obtained from MULTANS80 and STATCW for a few crystal structures

A*: theoretical value for AWD as obtained from MULTANS8O.
E*: experimental value as obtained from MULTAN80.
C*: theoretical value for CWD as obtained from MULTANSO0.

A: theoretical value for TAWD as obtained from the present theory.

E: experimental value as obtained from STATCW.

C': theoretical value for TCWD as obtained from the present theory.
{(z—1)?: variance of z.

Space

No. group (y)
1 Pl A* 0.886
E* 0.795

c* 0.798

A 0.970

E 0.982

C 1.023

2 P A* 0.886
E* 0.778

c* 0.798

A 0919

E 0.885

C 0.927

3 P1 A* 0.886
E* 0.779

c* 0.798

A 0.984

E 0.996

C 1.004

4 Pl A* 0.886
E* 0.771

c* 0.798

A 0.946

E 0912

C 0.982

5 P2,/c A* 0.886
E* 0.795

c* 0.798

A 0.943

E 0.962

C 0.976

6 C2/c A* 0.886
E* 0.764

c* 0.798

A 0.993

E 1.033

C 1.058

7 12/a A* 0.886
E* 0.758

c* 0.798

A 0.983

E 1.002

C 1.043

8 P2,2,2, A* 0.886
E* 0.867

c* 0.798

A 1.057

E 1.048

C 1.126

9 P2,2,2, A* 0.886
E* 0.851

c* 0.798

A 1.071

E 1.070

C 1.162

used to check the quality of the experimental data.
(ii) In the case of any given crystal, if the experimental
values of higher-order moments are highly enhanced
compared with the corresponding theoretical values
for the TWD, in spite of using the procedure suggested
in this paper, then it would be reasonable to assume

()
1.000

)
2.000
3.405
3.000
2.243

(y®

(y®

6.000
21.288
15.000

6.628
16.140
15.453

z—1p
0.736
0.984
0.968
0.708

1.000
2414
2.000
1.003
2.067
2.037
1.000
2.666
2.000
0.991
1.846
1.884
1.000
2.770
2.000

1.008
2.134
2.075
1.000
1.031
2.000
0.978
0.948
1.714

1.130
2.000
1.068
1.191
2.279

2.000
13.059
8.000
2.259
8.212
7.373
2.000
16.484
8.000
2.032
6.305
6.322
2.000
25.748
8.000
2.323
7.470
7.629
2.000
24.929
8.000
2.149
7.165
6.904
2.000
18.553
8.000
2133
6.286
6.830
2.000
12.752
8.000
2.367
7.818
7.798
2.000
23.301
8.000
2.319
8.383
7.613
2.000

(=1 (z=1)Y (z—1])

2.415
13.741
8.691
2.512
8.529
7.659
2.415
17.197
8.691
2.382
6.796
6.774
2.415
26.455

25.654
8.691
2.446
7.581
7.258
2.415

19.228
8.691
2.437
6.665
7.196
2415

13.477
8.691
2.582
8.065
8.032
2415

24.062
8.691
2.550
8.681
7.869
2415
2.768
8.691
2.305
2.307
5.079
2.415
3.278
8.691
2.841
3.829
8.621

that these enhancements could have arisen from the

violation of the basic requirements of the WD in such

a crystal. The exact theoretical distributions required
for such a crystal should then be obtained using the
more rigorous treatment of Shmueli and co-workers
(Shmueli, Weiss & Kiefer, 1985; Weiss, Shmuelli,
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Table 4. Theoretical and experimental values of (y"),, {(y®., ((z=1)*,,((z—=M)"), (n=2,3 and 4), (z=M,|",
(n=1 and 3) as obtained from STATCW for a few crystal structures

A: theoretical values for TAWD as obtained from the present theory.
E: experimental values as obtained from STATCW.
C: theoretical values for TCWD as obtained from the present theory.
{(z = M,)?: variance of z for truncated distribution.

Space
No. group N, O, (z=1)%,
1 P1 A 12.66 25.59 9.06
E 37.91 92.84 45.62
C 34.72 81.45 37.44
2 P1 A 11.71 23.68 8.43
E 29.91 71.23 33.62
C 30.25 70.95 32.71
3 P1 A 12.94 26.16 9.25
E 34.99 82.95 38.75
C 35.83 84.05 38.62
4 P1 A 12.20 24.65 8.75
E 33.35 80.92 39.21
C 32.71 76.73 35.31
S P2,/c A 12.13 24.52 8.71
E 30.07 70.37 32.32
C 32.40 76.00 34.98
6 C2/¢ A 13.13 26.55 9.38
E 36.48 86.88 40.91
C 36.56 85.77 39.40
7 2/a A 12.92 26.12 9.23
E 38.80 94.42 45.94
C 35.76 83.89 38.55
8 P2,22, A 12.53 23.74 7.08
E 12.39 23.85 7.45
Cc 24.90 51.17 18.15
9 P2,22, A 14.86 29.80 10.28
E 18.90 41.37 17.13
C 39.88 91.47 40.39

Kiefer & Wilson, 1985) and this aspect is beyond the
scope of the present paper.

The authors are grateful to Dr M. N. Ponnuswamy
and co-workers and Dr D. Velmurugan for providing
CAD-4 diffractometer intensity data for some of the
crystal structures used in testing the theoretical
results. They also thank the referees for useful com-
ments. Thanks are due to the Council of Scientific
and Industrial Research, India, for the award of a
Senior Research Fellowship to KS.
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